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The electronic band structures of InN, GaN, and a hypothetical ordered InGaN2 compound, all in the
wurtzite crystal structure, are calculated using the quasiparticle self-consistent GW approximation. This ap-
proach leads to band gaps which are significantly improved compared to gaps calculated on the basis of the
local approximation to density functional theory, although generally overestimated by 0.2–0.3 eV in compari-
son with experimental gap values. Details of the electronic energies and the effective masses including their
pressure dependence are compared with available experimental information. The band gap of InGaN2 is
considerably smaller than what would be expected by linear interpolation implying a significant band gap
bowing in InGaN alloys.
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I. INTRODUCTION

The nitride semiconductors AlN, GaN, and InN hold great
potential for applications in optical devices. Their band gaps
vary from 0.7 eV in InN to 3.5 eV in GaN and 6.2 eV for
AlN, and by appropriate alloying, the range of available gap
energies spans from the infrared to the ultraviolet. The
progress in sample preparation techniques has recently led to
a revision of the fundamental gap characteristics of InN.
While previously the gap was found to be around 2 eV,1–3

recent low temperature values are 0.61 eV,4 0.62 eV,5 or
0.69 eV.6,7 The InN conduction band has a rather peculiar
form with a distinct nonparabolic shape and a low state den-
sity above the fundamental gap, which leads to a strong de-
pendence of the spectral distribution of luminescence light
on carrier concentration.8 When InN is alloyed with GaN the
fundamental gap increases, however a significant nonlinear
dependence on Ga concentration �band gap bowing� is
observed.9

Theoretical investigations of nitride semiconductors have
usually started from the local approximation �LDA� to
density-functional theory, which with great success describes
the total energy aspects such as lattice constants, equation of
state, and relaxations of atomic coordinates around defects
and at surfaces. For the calculations of electronic excitation
energies the LDA is less satisfactory, especially for the cal-
culations of semiconductor band gaps. Often, the LDA band
gaps are 50%–80% too small, in the case of InN even 100%,
as the LDA band structure for InN is in fact metallic. To
obtain reliable gaps in semiconductors additional modeling
beyond LDA has to be added, e.g., most crudely the rigid
“scissors operator” shift of unoccupied bands with respect to
the occupied ones, the inclusion of ad hoc external potentials
�LDA+C� approach,10 or hybrid exchange functionals.11 A
more fundamental approach is offered by the GW
approximation,12 which is named after its construction of the
electron self-energy from the Green’s function �G� and the

screened interaction �W� in the solid state environment. The
proper inclusion of both dynamical and non-local effects by
the GW approach leads to much improved band gaps com-
pared to the LDA.13 The GW approach depends on the band
structure entering the evaluation of G and W. Often LDA
band structures are used, as have been reported in several
studies of wurtzite GaN and InN.14–18 In contrast, Rinke et
al.19 used exact-exchange band structures as their input for
GW calculations of GaN and InN, and Bechstedt et al.20 used
a hybrid screened exchange band structure for their GW cal-
culation of wurtzite InN, as well as cubic GaN and InN.
Common to all these studies is the confirmation that GW
improves considerably the band gap of nitride semiconduc-
tors compared to LDA, while discrepancies in quantitative
results most probably reflect details of the implementation of
the GW approximation.

In this work we undertake an investigation of the InN and
GaN band structure using the GW approximation in the
newly developed quasiparticle self-consistent approach
�QSGW�,21,22 which enforces as good accordance as possible
between the input band structure entering the evaluations of
G and W, and the calculated output GW band structure. The
differences between the LDA and QSGW band structures are
quantified, with emphasis on discussion of band gap, elec-
tron effective mass and the influence of hydrostatic pressure
on these quantities. To investigate aspects of the bowing in
InN-GaN alloys, also a fictitious InGaN2 system in the
wurtzite structure is investigated. For this system the LDA is
used to optimize the structural parameters, and the QSGW to
calculate the band structure at optimum structure. To correct
for the slight overestimation of the band gaps calculated in
the QSGW approximation, we have also applied an empirical
hybrid approach,23 which combines 80% of the QSGW self-
energy with 20% of the LDA self-energy, and which leads to
quite favorable merits when compared to experimental val-
ues of gaps and effective masses.

This paper is organized as follows: In Sec. II the QSGW
methodology is briefly discussed and calculational details
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presented. In section III the QSGW band structure results for
GaN, InN, and InGaN2 are presented and discussed. Finally,
Sec. IV draws the conclusions of the present work.

II. METHODOLOGY

The GW approximation12 is formally the first term in an
expansion of the nonlocal and energy-dependent self-energy
��r ,r� ,�� in the screened Coulomb interaction W. A more
physically appealing picture views the GW as a dynamically
screened Hartree-Fock approximation plus a Coulomb hole
contribution.12 The quasiparticle energies �� and wave func-
tions ���r� are solutions to the equation

Ĥ0���r� +� ����,r,r�����r��d3r� = �����r� , �1�

where Ĥ0 is the Hamiltonian of a noninteracting reference
system, and the self-energy operator � in GW is expressed as

���,r,r�� =
i

2�
� G0�� + ��,r,r��W���,r,r��d��. �2�

In this equation G0 is the Green function of the uncorrelated
reference system, while W denotes the screened Coulomb
interaction. Very often G0 is constructed from a density func-
tional based band structure �e.g., LDA�, in which case the
reference system strictly speaking is not uncorrelated, but the
potential due to correlation is the exchange-correlation po-
tential, Vxc, which is explicitly known and can be subtracted:
�→�−Vxc��r−r��. The bare interaction between two elec-
trons in positions r and r� is

v�r − r�� =
e2

�r − r��
, �3�

where e denotes the electron charge. This interaction poten-
tial is screened by the presence of the other electrons in the
solid, which is expressed through the dielectric function
��� ,r ,r��, so that the effective interaction is

W��,r,r�� =� �−1��,r,r��v�r� − r��d3r�. �4�

The dielectric function is calculated in the random phase
approximation as �=1−vP, where the polarization function
P is given as P=−iG0	G0.

The above equations thus outline a mapping Ĥ0→�.
However, from the self-energy operator an “optimum” non-
local one-electron “exchange-correlation” potential may be

constructed,21,22 defining a mapping �→ Ĥ0. The combined
mapping may therefore be iterated to self-consistency, and at

self-consistency the reference system, described by Ĥ0, has a
band structure as close as possible22 to the true quasiparticle
band structure in Eq. �1�.

The GW approach neglects several contributions to the
full self-energy operator, which can be collected as vertex
corrections in the GW formalism.12 Leading vertex correc-
tions have been studied in a few cases,24–26 but the comput-
ing effort is large. In the present work we apply the simpler

empirical approach23 of reducing the GW self-energy by a
factor 0.8 to obtain good quantitative agreement with experi-
mental gaps.

The electronic structure calculations were done with the
linear muffin-tin orbital �LMTO� method27 in the full-
potential version of Ref. 28. Inside muffin-tin spheres, the
orbitals are represented by angular sums of numerical radial
functions. The orbitals are matched onto smoothed Hankel
functions in the interstitial region. Two sets of orbitals, with
spdf and spd characters, respectively, with different decay
rates in the interstitial region, were used on each atomic site.
Additional orbitals of spd character were placed on intersti-
tial sites. the 3d- and 4d-semicore states of Ga and In were
treated as part of the valence bands using local orbitals.29

The tails of the orbitals were expanded inside other muffin-
tin spheres with a cutoff of �max=4. The self-energy was
evaluated on an 8	8	6 k-mesh. All scalar-relativistic ef-
fects are included in the QSGW self-consistency cycle. Spin-
orbit coupling is, however, not included during the QSGW
self-consistency iterations, but may be included as an extra
term in the Hamiltonian for the final computation of quasi-
particle band structure, which was however not considered
here.

The wurtzite crystal structure is hexagonal, space group
No. 186 �P63mc�, with cations in positions �0,0,0� and
�a /�3,0 ,c /2�, and anion �N� in positions �0,0 ,uc� and
�a /�3,0 ,c�u−1 /2��, where a and c are the two lattice con-
stants, and u an additional internal configurational parameter.
The InGaN2 structure is modeled by placing In at �0,0,0�, Ga
at �a /�3,0 ,uGac�, and two N atoms at �0,0 ,uN�

c� and
�a /�3,0 ,uN


c� in the hexagonal cell, i.e., alternating layers
of In and Ga. The symmetry is in this case lowered to P3m1,
space group No. 156. Table I lists the structural data used in
the present calculations. For GaN and InN the c /a ratio and
u parameter were optimized at the experimental specific vol-
ume by LDA total energy calculations, while for InGaN2 the
volume was also determined by the global LDA total energy
minimum. Alloys of GaN and InN are of considerable inter-
est in the entire composition range for the tuning of lumines-
cence properties, and these may be modeled by supercell
calculations, as e.g., in Ref. 9, but the increased computa-
tional efforts of the QSGW approximation compared to LDA
prohibits our investigation of larger unit cells.

III. RESULTS AND DISCUSSION

A. Band structures

The calculated self-consistent quasiparticle band struc-
tures of InN, GaN and InGaN2 are presented in Figs. 1–3 and
compared to their LDA counterparts. In all three cases the
most significant feature to observe is the increasing gap be-
tween the valence and conduction bands within the QSGW
approximation, which is a well-established general property
of GW.13 Furthermore, the QSGW approximation causes a
significant shift of the semicore states �Ga 3d and In 4d, re-
spectively� compared to LDA �not shown in the figures� as
was discussed in Refs. 30 and 31. The In and Ga
semicore d-states shift down with QSGW relative to LDA,
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by 2.5–3.5 eV. Fuchs et al.30 find that the d-binding energy
for cubic GaN in self-consistent GW is 16.5 eV �relative to
the valence band maximum�, which compares favorably to
the value 16.8 eV computed in the present work for wurtzite
GaN. For cubic InN the same authors quote a �non-self-
consistent� GW d-binding energy of 15.1–15.6 eV, the last
digit depending on the underlying start band structure.
Again, these results are in good accordance with the present
�self-consistent� value of 15.7 eV for the wurtzite InN com-
pound.

The LDA value of the fundamental gap of InN is in fact
negative, while those of InGaN2 and GaN are 0.38 eV and
1.90 eV, respectively. Within the QSGW approximation,
these gaps increase to 0.99, 1.80, and 3.81 eV, respectively,
which for InN and GaN are considerably closer but slightly
�0.2–0.3 eV� above the experimental band gaps. In all cases
the minimum gap is direct and at the � point. Table II lists
these numbers as well as other special point energies. Several
effects contribute to the larger gap obtained by the QSGW
theory compared to experiment: exciton interactions and
other vertex corrections are not considered in theory, and the
coupling to lattice vibration may also reduce the band gap.32

In their self-consistent GW calculation of cubic GaN, Fuchs
et al.30 found a band gap of GaN of 3.53 eV, which similarly
to the present calculation is �0.3 eV larger than the experi-
mental gap �3.20 eV�. For the wurtzite structure, gaps of
3.32 eV19 for GaN, and 0.72 eV19 and 0.71 eV20 for InN,

TABLE I. Lattice parameters a and c, in Å, and internal param-
eter, u, of GaN, InN and InGaN2. The experimental data are room
temperature data from a: Ref. 38 and b: Ref. 1. The lattice param-
eters obtained in theory are optimized �LDA� parameters at the
experimental volumes. No experimental determination of the u pa-
rameter for InN has been published. For InGaN2 three internal pa-
rameters are given, corresponding to the z-coordinate of the Ga, N�,
and N
 atoms relative to In �see text for discussion�. The last row
compares the theoretical equilibrium volumes �in Å3 per formula
unit� with the experimental volumes �for the binaries�. As is most
often the case the LDA equilibrium volumes are slightly lower than
the experimental volumes.

GaN InN InGaN2

Theory Expt.a Theory Expt.b Theory

a 3.189 3.190 3.543 3.544 3.335

c 5.196 5.189 5.721 5.718 5.482

c /a 1.630 1.627 1.615 1.613 1.644

u 0.3766 0.377 0.3793 0.4993

0.1500

−0.3940

Vmin 22.34 22.86 30.21 31.10 26.40

aThis work.
bLDA with gap correction, Ref. 8 and this work.
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FIG. 1. �Color online� Comparison of QSGW �full line and
blue� and LDA band structures �dashed line and red� of GaN. The
zero of energy is placed at the valence band maximum. The calcu-
lation used the experimental parameters listed in Table I.
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FIG. 2. �Color online� Comparison of QSGW �full line and
blue� and LDA band structures �dashed line and red� of InN. The
zero of energy is placed at the valence band maximum. The calcu-
lation used the experimental lattice parameters listed in Table I
together with the theoretically determined u parameter.
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FIG. 3. �Color online� Comparison of QSGW �full line and
blue� and LDA band structures �dashed line and red� of InGaN2.
The zero of energy is placed at the valence band maximum. The
calculation used the theoretical parameters listed in Table I.
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were found in non-self-consistent GW calculations �based on
two different flavors of screened exchange calculations�. It is
a general trend that invoking the self-consistency in the GW
approximation leads to slightly too large gaps compared to
experimental values,23,30 and also to larger gaps than ob-
tained in non-self-consistent calculations �with reasonable
input band structure�.30 Other features of the band structures
of GaN and InN to notice are that the width of the N p
valence bands is slightly increased by .25–.45 eV in QSGW
compared to LDA, and that the gap does not increase uni-
formly over the Brillouin zone. From the numbers in Table II
it is evident that the gap increase in QSGW is up to 0.5 eV

larger at the M point than at the � point. Hence, approxima-
tions based on rigid band shifts are inaccurate for these sys-
tems.

In Fig. 4 the fundamental gaps of GaN, InN, and InGaN2
as calculated with LDA, QSGW and the hybrid approach, are
compared. The experimental gaps of GaN and InN are like-
wise marked. The hybrid approach is indeed seen to give
gaps very close to the experimental gaps, for which reason
we will assume that also the remainder of the band structure
is most accurately given by this approach, i.e., the neglect of
vertex corrections inherent in the GW approach is well com-
pensated by this 20% reduction of the self-energy operator.
One notices a characteristic bowing: if the gap of the InGaN2
compound is expressed in terms of the bowing parameter b
as:

Eg�InGaN2� = 0.5�Eg�InN� + Eg�GaN�� − 0.25b ,

values of b=2.40 eV and b=2.28 eV are found in the
QSGW and hybrid approaches, respectively. For comparison,
with the LDA+C approach �LDA with empirical adjustment
of bands10�, a bowing parameter of =2.10 eV was found for
x=0.5 for a supercell study of InxGa1−xN alloys,33 while ex-
perimental values of 1.4 eV �Ref. 34� and 1.37 eV �Ref. 35�
have been found. The somewhat larger bowing found in the
present calculations may reflect the fact that our InGaN2 sys-
tem is an ordered crystalline compound and not a random or
quasirandom alloy as studied by experiment. On the other
hand, the GW calculations of Ref. 17 �based on LDA band
structures� imply a bowing of 1.44 eV, i.e., in very good
agreement with the experimental value, even though the gaps
of wurtzite GaN and InN �3.16 eV and 0.02 eV, respectively�
in these calculations compare less favorably with the experi-

TABLE II. Minimum energy gap, Eg�min�, and N p-band width, W�Np�, as calculated in quasiparticle self-consistent GW, LDA and the
hybrid approach for GaN, InN, and InGaN2. Also quoted are the position of semicore d states, E�d� �defined as the average position of the
semicore d levels at the � point�, and the near-gap band energies at the K and M points, relative to the valence band maximum. Units are
eV. The experimental gaps of GaN and InN are from: a: Ref. 39, b: Ref. 34, c: Ref. 4, d: Ref. 5, e: Refs. 7 and 6.

GaN InN InGaN2

QSGW Hyb. LDA QSGW Hyb. LDA QSGW Hyb. LDA

Eg�min� 3.81 3.42 1.90 0.99 0.74 −0.21 1.80 1.51 0.38

Eg�exp� 3.50a, 3.51b 0.78,b 0.61c

0.62,d 0.69e

W�Np� 7.60 7.53 7.14 6.07 6.02 5.91 7.19 7.13 6.85

E�d� −16.8 −16.2 −13.3 −15.7 −15.2 −13.1 −15.7 −15.4 −13.2

−17.3 −16.6 −14.2

Kv −3.07 −3.02 −2.76 −2.38 −2.33 −2.20 −2.79 −2.73 −2.50

Kc 6.89 6.49 5.00 6.20 5.92 4.83 5.95 5.65 4.46

Mv −1.10 −1.07 −1.01 −0.96 −0.95 −0.91 −1.05 −1.03 −0.95

Mc 7.07 6.62 4.90 5.50 5.15 3.79 5.77 5.41 3.96

aThis work.
bLDA with gap correction, Ref. 8 and this work.
cReference 34.
dReference 36.
eReference 40.
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FIG. 4. �Color online� Comparison of QSGW �circles and red�
and LDA �squares and blue� values of the fundamental energy gap
�in eV� of wurtzite GaN, InN and InGaN2. The experimental gaps
of GaN and InN are also marked �triangles and green�, and the
dashed line marks the gaps calculated with the hybrid approach.
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mental values. The gap calculated for InGaN2 by these au-
thors is 1.23 eV, i.e., somewhat smaller than that calculated
in the present work �1.51 eV in the hybrid approach, cf.
Table II�.

B. Effective masses

In Table III are summarized the calculated effective
masses of GaN, InN and InGaN2 for the lowest conduction
band. The QSGW electron masses are seen to be quite close
to the experimental values, while the hybrid approach leads
to a reduction of the effective electron masses compared to
full QSGW. This reduction is rather small for GaN and
InGaN2 but significant for InN ��15%�. The theoretical
masses show a slight anisotropy, with the transverse masses
�i.e., corresponding to directions in k-space perpendicular to
the hexagonal axis� roughly 10% higher than the longitudinal
masses �corresponding to k along the hexagonal axis�. Most
experimental values do not resolve any anisotropy, except for
the infrared ellipsometry measurements on GaN in Ref. 36
and on InN in Ref. 37, which find �4% and �20% higher
transverse effective masses, respectively.

C. Pressure effects

The pressure dependence of the band parameters are sum-
marized in Table IV, which gives the calculated deformation
potentials, �, of the gaps at the zone center and at the K and
M points, where

� =
d�

d ln V
.

These were calculated by varying the equilibrium volume by
1% around the experimental volume �Table I� and

including relaxation of the c /a ratio and u parameter as
given within LDA. In all cases the gaps increase with com-
pression, however at uneven rates: In GaN, the deformation
potentials of the direct gaps at �, K, and M are −8.2, −4.0
and −5.4 eV, respectively, i.e., the gap at � increases most.
In InN, on the other hand, the deformation potentials are
−4.8, −4.4 and −7.5 eV at �, K, and M, i.e., in this case the
gap at M increases fastest with compression. The calculated
results are in excellent agreement with the available experi-
mental results, not least for the pressure coefficients in view
of the fact that the experiments are done on thin GaN epil-
ayers on sapphire substrates.

TABLE III. Effective electron masses for GaN, InN, and InGaN2 in units of the free electron mass. m�

and m	 denote the transverse and longitudinal masses corresponding to directions perpendicular and parallel
to the hexagonal axis, respectively.

Compound

Theory

Expt.QSGWa Hybr.a LDA+C b

GaN m� 0.204 0.201 0.28 0.20,c 0.237�6�d

m	 0.182 0.179 0.26 0.20,c 0.228�8�d

InN m� 0.073 0.061 0.070 0.07,c,e 0.047,f 0.05g

m	 0.066 0.058 0.068 0.07,c,e 0.039,f 0.05,g 0.085h

InGaN2 m� 0.129 0.122

m	 0.119 0.114

aThis work.
bLDA with gap correction, Ref. 8 and this work.
cReference 34.
dReference 36.
eReference 40.
fReference 37.
gReference 41.
hReference 42.

TABLE IV. Deformation potentials for the band edge states
closest to the gap at the �, K, and M points �in eV measured rela-
tively to the valence band maximum�. Also quoted are the deforma-
tion coefficients, �=d ln m /d ln V, for the electron effective
masses. These quantities were all evaluated at the experimental vol-
ume �Table I� using the hybrid approach, including the volume
variation of the theoretically �LDA� optimized structural param-
eters, u and c /a. Experimental data are from a: Ref. 43, b: Ref. 9, c:
Ref. 8.

GaN InN InGaN2

���c� −8.2 −4.8 −3.5

���c� �expt.� −9.36�4�a −4.0�4�b

��Kv� +3.3 +3.3 +3.7

��Kc� −0.7 −1.1 −1.8

��Mv� +1.3 +1.5 +1.2

��Mc� −4.1 −6.0 −2.7

��m�� −1.8 −4.9 −1.2

��m	� −1.9 −5.4 −1.5

��m� �expt.� −5.0c
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IV. CONCLUSION

The band structures of wurtzite InN and GaN and a ficti-
tious InGaN2 compound have been investigated with the
quasiparticle self consistent GW approximation. Good
accordance with available experimental information is
found with this approach, which further facilitates a
detailed investigation of effective masses and the effects of
pressure on these. The QSGW calculations further show that
for these materials corrections for the “LDA gap error” can-

not be made by a rigid upwards shift of the conduction
bands. Also the dispersion in the conduction bands is poorly
described in the LDA bands.
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